metric tensor is a local quantity which is not sensitive to the global topology. This is the reason why Einstein's field equations -a system of differential equationscannot uniquely fix the topology. Specifically, a 3-sphere with sectional curvature 1/ 2 admits a metric tensor of the form
where 0 χ, θ π, and 0 φ < 2π. For a real projective space, we have exactly the same metric expression:
but now the coordinates on the 3-spheres are mapped in such a way that antipodal points are identified. Namely, χ → π − χ, θ → π − θ, and φ → π + φ. We will refer to this as the antipodal map. Geometrically, any two coplanar geodesics in S 3 would intersect twice, whereas in RP 3 they would intersect only once. Since the intersection of geodesics is a matter of local physics, it would seem strange that this would somehow force a correlation at the antipodal point, which is well outside the current observable universe! It is for this reason that de Sitter considered RP 3 to be "the simpler case, and it is preferable to adopt this for the physical world" [2] .
The Penrose diagram of both dS [S 3 ] and dS [RP 3 ] are shown in Fig.(1) . In the familiar case of dS [S 3 ], there are two causal patches that are out of causal contact. An observer centered at the -arbitrary -pole r = 0 would not be able to see the antipode of the S 3 (namely, the other r = 0) at the other end of the universe. In dS [RP 3 ], due to the topological identification, there is no antipode.
Since the left and right hemispheres of the S 3 are identified by the antipodal map, only half of the Penrose diagram of dS [S 3 ] remains. The equator of S 3 is a S 2 , which, under the antipodal map, becomes a RP 2 . Thus, in the Penrose diagram of dS [RP 3 ], which is on the right of Fig.(1) , each point on the double line corresponds to a RP
2 . An observer, say, Alice, who started at r = 0 and travels toward the RP 2 equator, would, upon traveling through RP 2 , find herself now traveling back toward r = 0, since she is "reflected" back by the topological identification. It is, however, not exactly a reflection (since Alice is traveling through -not within -RP 2 ). Instead, she would find that the universe seems to have been rotated upside down. See [3] for more discussions. Note that this "reflection" is not imposed as a boundary condition by hand, instead it is an unavoidable consequence of the topological identification.
To our modern eyes, it does not seem that dS[RP 3 ] with a nontrivial topology is "simpler" than dS [S 3 ]. To better appreciate what de Sitter meant, let us reproduce the example in [3] , which is to consider a Schwarzschild-de Sitter black hole. To this end, let us start with a stellar collapse in dS [S 3 ], which produces a black hole at the pole r = 0. The resulting Schwarzschild-de Sitter metric tensor reads
Here, the notation SdS[S 3 ] only serves to remind us that for M = 0, we recover a de Sitter space with S 3 cross section. The topology of this spacetime with a black hole is of course not R × S 3 . Since there are two locations that correspond to r = 0 (namely the north and the south poles of the S 3 ), introducing a black hole at one pole apparently also implies the existence of another black hole at the other pole. In fact, this then forces us to add more black holes ad infinitum, and the resulting Penrose diagram of Schwarzschild-de Sitter black hole extends indefinitely in the horizontal direction, as in Fig.(2) . This scenario is not physical, since we do not expect that a local gravitational collapse would produce another black hole at the "other side" of the universe, much less infinitely many black holes. A possible way out of this conundrum is to topologically identify the spacetime such that one obtains what naively looks like the maximally extended version of an asymptotically flat Schwarzschild black hole (the Kruskal-Szekeres spacetime), as shown in Fig.(3) . At this point, one should ask: does this picture now represent a physically acceptable geometry? In the asymptotically flat case, the answer is yes -in the sense that in a realistic gravitational collapse, the interior is replaced by the infalling stellar matter so that the second asymptotically flat region on the other side of the Einstein-Rosen bridge is removed. However, this is not the case here. Due to the topological identification, the second region that should be removed in a realistic gravitational collapse is, in fact, identical to the exterior spacetime. That is, to quote [3] , "the 'other' universe which we so casually consign to non-existence is in fact our own." The conclusion is that neither the picture in Fig.( 2) nor the one in Fig.(3) can be considered physical. However, if we take de Sitter space to be dS [RP 3 ], then this problem does not arise, since introducing a black hole at "r = 0" does not entail another black hole at the other pole, simply because there is no other pole! Despite the aforementioned discussion, since the universe is likely to be large enough that its global topology ], but with topological identification, so that instead of indefinitely many black holes as in Fig.(2 . For example, an inertial observer who couples to a free scalar field through a monopole detector could distinguish the difference between these two spaces, although the difference become exponentially small in the distant past or future on the observer's worldline [9] . (See also [10] .)
In [3] , McInnes argued that the distinction between dS[RP 3 ] and dS[S 3 ] could be an important one in the context of quantum cosmology. In particular, the distinction could be important in the attempt to understand the horizon entropy of a de Sitter universe -while dS[RP 3 ], with its richer structure at conformal infinity, allows a relatively straightforward interpretation of the horizon entropy as entanglement entropy, surprisingly, dS[S 3 ] does not. We shall elaborate on this interesting but subtle point.
Since the horizon entropy of de Sitter space shares the same properties with the Bekenstein-Hawking entropy of black holes, i.e., it is proportional to the horizon area in Planck units [11] (it is a quarter of the horizon area in the case of dS [S 3 ], but half of the horizon area in dS [RP 3 ], see [3] ), and it exhibits a temperature much like that of Hawking temperature, it is likely they both have the same underlying physical origin. Lately, it seems increasingly likely that black hole entropy is indeed entanglement entropy 3 (though some questions remain -see [12, 13] ). However, de Sitter space is quite unlike black holes. Consider, for simplicity, an asymptotically flat two-sided eternal black hole. Its Bekenstein-Hawking entropy can be interpreted as the entanglement entropy of the two asymptotically flat regions. It is crucial that these two regions are causally separated and thus can be treated as independent copies of the system. In the case of dS[S 3 ], however, the spacetime region beyond the cosmological horizon, despite being causally disconnected, shares the same conformal infinities with the patch inside the horizon. Worse still, dS[S 3 ] does not actually have a wormhole that connects two independent asymptotically regions, it has instead a "handle" that loops back to the same universe [3] . Mathematically, the entanglement entropy interpretation for asymptotically flat two-sided black holes work because the connected sum of two copies of R 3 is nontrivial: ] has some similarities with the so-called "geon black holes" [14, 15] , but they are different geometries altogether. Recently, the idea of topologically identifying the antipodal points on a black hole horizon was also proposed [16] in an attempt to resolve the information paradox, but this identification is also different from the one we are considering here.)
In view of the importance to understand dS[RP 3 ], especially in the context of quantum gravity, in this work we investigate the instanton tunneling of dS [RP 3 ], and show that the global topology of the spatial sections of de Sitter space can indeed influence the tunneling physics.
II. WAS THERE SOMETHING OR NOTHING?
A major research program in quantum cosmology concerns the study of the wave function of the universe, known as the Wheeler-DeWitt equation [17] . The ground state of the wave function can be derived from a Euclidean path integral, which is schematically of the form
involving a sum over all possible geometries, and over all histories that are connected by two hypersurfaces. Here Φ is the restriction of the field F -which represents matter degrees of freedom -on a spacelike hypersurface with Riemannian metric h µν . (If the Euclidean geometry is not connected, i.e., in the "nothing-to-something" scenario -see below -we remove the initial hypersurface h in and Φ in .) The Euclidean path integral is a good approximation of the ground state wave function, which can be approximated by solving for on-shell solutions known as "instantons". Specifically the wave function is to a good approximation, Ψ ∝ exp(−I instanton ), where I instaton is the action of a saddle-point solution which satisfies the Euclidean Einstein's field equations with some prescribed boundary conditions. Instantons provide a mean to calculate the probability of one geometry tunneling into another, Prob = Ψ
One possibility is that the universe was initially some Lorentzian spacetime, but underwent a tunneling into a different Lorentzian spacetime. Such a picture is provided by, e.g., the Farhi-Guth-Guven tunneling [18] , and Fischler-Morgan-Polchinski tunneling [19, 20] . Mathematically, an instanton is a complete non-singular Euclidean manifold that "connects" these two Lorentzian spacetimes. In the language of [22] , such kind of tunneling is dubbed "something-to-something". (Of course, it is possible that not everywhere in the initial spacetime undergoes such tunneling, but only a "small" patch, which leads to a "pocket universe".) However, an alternative picture exists. It could be that the universe was initially Euclidean (by which we really mean that the geometry is Riemannian), but underwent a "tunneling" from "nothingness" to a Lorentzian spacetime. ("Nothing" here simply refers to a lack of a classical spacetime.) One example of such a scenario is the "No Boundary proposal" of Hartle and Hawking [21] . This corresponds to the "nothing-to-something" scenario of [22] .
To be more specific, "something-to-something" means that the initial hypersurface Σ 0 of a Lorentzian manifold M 0 is connected to the final hypersurface Σ 1 of another Lorentzian manifold M 1 via a Euclidean manifold M E . More precisely, by "connected", we mean the following: start with M 0 foliated by a family of spacelike hypersurfaces Σ t , where t ∈ [−a, 0] corresponds to the time direction in which Σ t evolves via Einstein's equations. At time t = 0, we perform an analytic continuation (a Wick rotation) such that the metric signature is now (+, +, +, +). We can perform another analytic continuation to return to the Lorentzian signature, but the second analytic continuation need not bring the geometry back to its initial configuration, instead it could be a different spacetime altogether, M 1 , which is now foliated by Σ s , where s ∈ [0, b], where s is a time coordinate not necessarily the same as t. A new spacetime is thus created at the moment s = 0. On the other hand, in the "nothingto-something" scenario, Σ 0 and Σ 1 are disconnected.
A mathematically rigorous way to understand Wickrotating spacetimes, is to consider a complex manifold M C , with real Lorentzian section M L and a real Riemannian section M R , with non-empty intersection Σ where one geometry can "rotate" to another via (anti)holomorphic involutions -more on this later. M R is usually taken to be orientable, connected, and compact with boundary Σ. An instanton, or more specifically, a gravitational instanton, is simply the "doubling" of M R . That is, if we take two copies of M R , and call them M + R and M − R respectively, then an instanton is simply
In the following discussion, we shall illustrate both the "something-to-something" and "nothing-to-something" scenarios using dS [S 3 ] as a concrete example. A Euclidean de Sitter space, with Euclidean time η, can be described by the metric of the form
where ρ = sin(η/ ), with being the length scale of de Sitter space associated with the cosmological constant, Λ = 3/
We therefore recover the metric
] is given by Eq.(1). The Lorentzian version of this geometry is clearly time dependent: it describes the well-known de Sitter hyperboloid, with a family of 3-spheres that grows indefinitely in size toward the future as well as "toward" the past. In fact it covers the entire spacetime, and is known as the global coordinates. The topology of de Sitter space as R × S 3 is evident from this metric. In the language of complex manifold, we can consider M C as a complex quadric in C 5 , which would contain as real sections both de Sitter space M L = dS[S 3 ], and the sphere
See, e.g., [23] , for further discussion. However, this is not the only way to obtain a Lorentzian metric from g[EdS], as we shall discuss below.
In addition to the global coordinates, there exists also static coordinates in which the metric is time-independent. The Euclidean version of that, with Euclidean time τ , is
where 0 r , and −π/ τ / π/ . Of course in the Euclidean case, there is no time. It is to be understood that by "static" coordinates we meant that the Lorentzian version of the geometry, obtained by Wick-rotating τ , is static.
The two metrics are related via the transformation rules:
The global coordinates can be seen to represent a 4-dimensional sphere, S 4 → R 5 , with the canonical flat metric
where
We see that the coordinates (η/ , χ, θ, φ) are angular coordinates on the S 4 with radius . We have 0 η/ , χ, θ π and 0 φ < 2π. This is just a straightforward generalization of the usual spherical coordinates. In Fig.(4) , the left hand figure represents part of this coordinate system. Note that unlike the 2-sphere, whose angular coordinates are 0 ϑ π and 0 ϕ < 2π, respectively, here both η/ and χ range from 0 to π.
Similarly, the static coordinate can be seen to be representing a S 4 → R 5 with the canonical flat metric
In Fig.(4) , the right hand figure represents part of this coordinate chart. It can be thought as the projection of the S 4 onto the y 4 y 5 -plane. Note that r = 0 corresponds to the circle (y 4 ) 2 + (y 5 ) 2 = 2 , with y 1 = y 2 = y 3 = 0. This is the boundary circle of the right hand figure of Fig.(4) . Likewise, r = corresponds to the center y 4 = y 5 = 0. In Fig.(5) , we show how the coordinate r parametrizes the S 4 . The horizontal slice in red corresponds to τ / = π, that is, it corresponds to the red dotted line on the right diagram of Fig.(4) .
There are in fact two kinds of tunnelings one can consider -a homogeneous one and an inhomogeneous one. If, after an analytic continuation to Lorentzian signature one finds that a bubble is formed, then the spacetime becomes inhomogeneous, and we refer to the tunneling as inhomogeneous. An example of this is the Coleman-De Luccia tunneling [24] . On the other hand, if the field value of the entire universe tunnels from one value to another, then the tunneling is homogeneous. An example would be the Hawking-Moss tunneling [25] . Homogeneous tunneling for dS [S 3 ] can be achieved by performing Wick rotation along the η/ = π/2 slice in the global coordinates, as we have done before in the discussion around Eq.(6). This is shown as the blue dashed semi-circle on the left of Fig.(4) . This is equivalent to the blue dash line in the static coordinates, depicted on the right of Fig.(4) . On the other hand, to achieve an inhomogeneous tunneling, we should instead perform a Wick rotation along the χ = π/2 slice in the global coordinates, shown as the red dashed line on the left of Fig.(4) . In the static coordinate, this corresponds to the red dashed line shown on the right of Fig.(4) . Note that at the level of pure geometry, whether we Wick-rotate along the blue line or the red line makes no difference due to spherical symmetry; the difference only arises when one considers the form of the potential (of, usually, a scalar field) that governs the tunneling. When one does consider an appropriate potential though, the inhomogeneous case has several advantages. For example, it allows one to consider an open, k = −1, cosmology, whereas the homogeneous case is restricted to the closed, k = 1, cosmology [26] .
As already explained in [22] , there are two possible interpretations for the inhomogeneous case. The easiest The "nothing-to-nothing" interpretation; and Right: the "something-to-something" interpretation.
way to perform the Wick-rotation to Lorentzian signature, is to simply glue the entire hypersurface of the Euclidean manifold onto the Lorentzian one, as shown on the left of Fig.(6) . The interpretation is that a Lorentzian de Sitter space dS [S 3 ] is created out of nothing. This is the "nothing-to-something" interpretation. The initial state and the final state include both of the Lorentzian causal patches, but the initial state is not connected to the final state -the instanton corresponds to two disconnected halves of S 4 . Physically, an (eternal) de Sitter space dS[S 3 ] fluctuates into nothing and back again. In a more realistic cosmology, we do not usually consider the contracting phase. In this case, we take only the top half of the left figure in Fig.(6) , and interpret the tunneling as "creation from nothing"à la Hartle and Hawking [21] .
An alternative interpretation of the tunneling was proposed by Brown and Weinberg [27] , in which the t = 0 hypersurface of the right causal patch of the Lorentzian de Sitter space is treated as the "initial state", while the t = 0 hypersurface of the left causal patch is treated as the "final state". (Of course the choice of left and right here is completely arbitrary.) The initial state is "rotated" through the Euclidean manifold to match with the final state. See the right figure of Fig.(6) . This is the "something-to-something" interpretation. While this scenario is not as mathematically natural as the "nothing-to-something" interpretation, it does have one advantage: since the initial state and final state is connected via the Euclidean manifold, the left and right causal patches are "naturally" related; whereas in the case of "nothing-to-something" scenario, the tunneling needs to cover both causal patches, one of which is not accessible to the observer in the other patch (and thus, is arguably not physically relevant).
Such an argument that involves causal patches of de Sitter space should now be familiar to us -it is exactly the sort of issues that are relevant to the debate whether dS[RP 3 ] should be preferred over dS [S 3 ]. In the case of dS [RP 3 ], there is only one causal patch. One thus naturally wonders, whether in the case of dS [RP 3 ], the instanton tunneling still admits both "nothing-to-something" and "something-to-something" interpretations. However, the first question one faces when trying to understand tunneling physics for dS [RP 3 ] is the following: Does this geometry admit a well-defined Euclidean counterpart? The answer is yes, but it is not straightforward to describe the corresponding geometry.
III. INSTANTON TUNNELING FOR DE SITTER SPACE WITH RP 3 TOPOLOGY
Recall that the antipodal map on S 3 that yields a RP 3 is given by
such that χ → π−χ, θ → π−θ, and φ → π+φ. In order to obtain dS[RP 3 ], we can start with S 4 with an appropriate topological identifications followed by a proper Wickrotation. One might be tempted to start with an S 4 , and make the topological identifications on the angular coordinates following the antipodal map A . Note that this leaves one angular coordinate of S 4 untouched. So the Euclidean geometry is a real projective space immersed in a 4-sphere:
Note that the manifold RP 3 cannot be embedded in S 4 . In fact this is true in general dimensions: RP n−1 cannot be embedded in S n , a theorem in cohomology theory which can be shown using a Mayer-Vietoris type argument. This geometry is therefore not a very "nice" one. Furthermore, such a topological identification is not what we want for the following reason: if we were to perform a Wick-rotation at χ = π/2 hypersurface, then we would "unwind" χ into a temporal coordinate. Among the remaining 3 spatial coordinates, only two (namely θ and φ) are acted upon by A . So the spatial topology is not RP 3 , and thus we cannot obtain in this way dS [RP 3 ]. One might be tempted to think that it is better to consider the Euclidean manifold to be RP 4 , which is obtained from the antipodal map
such that ψ → π − ψ, χ → π − χ, θ → π − θ, and φ → π + φ, where {ψ, χ, θ, φ} are the angular coordinates on S 4 . Unlike RP 3 S 4 , the manifold RP 4 is a "wellbehaved" smooth manifold, and most importantly, upon Wick-rotating χ, one would obtain a Lorentzian spacetime with RP 3 as spatial sections. It is true that RP 4 is not orientable, unlike RP 3 , but this is not a concern here since RP 4 is the Euclidean geometry, and there is no requirement that the Euclidean manifold should be orientable. (On the other hand, the spatial slices of a Lorentzian manifold must be orientable, otherwise this would contradict the observation that parity is violated in our universe (see for example ref. ([28]) , page 289). Non-orientable instanton has indeed been studied in the literature [29] . (Recently, non-orientable manifolds also received some attentions in holography [30] .) However, it turns out that RP 4 is not a mathematically viable option [31] . This is due to a topological constraint: the Euler characteristic χ of a 4-dimensional instanton (not to be confused with the coordinate χ) must be even:
Here we have made used of the fact that χ(M gives rise to time non-orientable Lorentz signature section. This time non-orientability gives rise to some problems (or at least some restrictions) in the quantum field theory defined on such a spacetime [33] .
However, as shown in [29] , there are numerous Wickrotating constructions one could perform to obtain a spacetime, not all of which are guaranteed to be orientable, or admitting a pinor structure that is crucial for the existence of fermions. Fortunately, from the viewpoint of complex geometry, just like its dS [S 3 ] cousin, dS [RP 3 ] can also be regarded as a real Lorentzian section of a complex manifold, and there is no problem defining its Euclidean counterpart as the real Riemannian section, which is a quotient geometry of S 4 under some Z 2 action [9, 29] . The details will not be important for our purpose, but it is worth emphasizing that the ] by antipodal map on each S 3 cross section. It is easy to see that this map has no fixed point, and so the resulting quotient is indeed a manifold. On the other hand, a similar mapping on S 4 ⊂ R 5 has two fixed points: the (arbitrary) north pole and south pole of the S 4 . Due to these fixed points, the quotient geometry is not a manifold.
In the following discussions, let us focus on the static coordinate chart, and consider some possible tunneling scenarios. However, we will first present a non-viable case, to illustrate how topology could rule out some scenarios. In the left diagram of Fig.(7) , we represent the topological identification of S 4 into EdS[RP 3 ]. After the antipodal map, we need only consider half of the hemisphere, say, the bottom half of Fig.(5) , which is represented by the right diagram of Fig.(7) .
This naively admits a "something-to-something" tunneling to dS [RP 3 ]. In Fig.(1) , we show the Penrose diagrams of both dS [S 3 ] and dS [RP 3 ], but with the spacelike slice t = 0 highlighted. The significance of this slice will become clear in a moment. Note that under the antipodal map, e.g., region C in the left diagram is identified with A, so in the right diagram, we only have half of the "original" diagram, and again the double line on the right boundary of dS [RP 3 ] denotes the RP 2 equator.
A "something-to-something" tunneling can naively be constructed by pasting region A and region B of the Lorentzian dS [RP 3 ] to the Euclidean EdS[RP 3 ], so that the t = 0 slice of region B serves as the initial state, which "rotates" through the Euclidean sector and ends with t = 0 slice of section A; see Fig.(8) . Note that every point on the red double line in Fig.(8) is a RP 2 . In this picture, we take τ / = 0, ±π to be the poles of our S 4 , so that under antipodal map, the resulting Z 2 -orbifold has fixed points there. Due to the fixed points being exactly on the hypersurface on which the Lorentzian geometry is pasted with the Euclidean one, an obstruction arises from the nature of the fixed point. As we have mentioned, the fixed point under the antipodal map means that the geometry is not a Riemannian manifold at the neighborhood of the fixed point, but the Lorentzian spacetime is a manifold everywhere. However, more crucially, on the purported matching surface, each point on the Euclidean side is RP 2 , but the Lorentzian geometry is S 2 (except at the black dot, i.e., on the cosmological horizon, where it is also RP 2 ). Therefore this "matching surface" is not allowed topologically. Such an obstruction would mean that Case I is not an acceptable picture. Another possibility is to consider Wick-rotating along the blue dashed line as shown in Fig.(9) . This gives rise to a "nothing-to-something" tunneling as shown in Fig.(10) . This scenario has been previously analyzed in [36] . However, it would be difficult to consider an inhomogeneous instanton in this case. In fact, there are several problems regarding this scenario.
(1) There is a fixed point (indicated by the blue dots in Fig.(9) ) and it is not clear whether this point will give rise to any problem when one calculates the action. Note that this fixed point is "far away" from the identification surface where the Euclidean geometry meets the Lorentzian one, so there is no problem at least at the level of pasting the surface to the Lorentzian geometry. Nevertheless, one might worry that the calculation of the wave function might be "obstructed" by the presence of a fixed point 4 .
(2) If we do couple a scalar field to gravity, then we have to worry about the boundary condition. If we prescribe the Neumann condition at the blue dashed line (φ = 0), then there may be some nontrivial oscillating solutions (with Z 2 symmetry [37, 38] ). Such a solution has more than one negative mode [39, 40] . Therefore, this may not be the most preferred path for tunneling.
(3) Even if there is no scalar field, the probability of the instanton tunneling is much less than that of the original Hawking-Moss instanton. To see this, note that the volume of the Euclidean manifold is halved under the antipodal map, and since Re(I) is negative for de Sitter space, we have the probability e −Re(I) < e −2Re(I) .
C. Case III: Something-to-Something with Euclidean Sphere Instanton
Another possibility is to consider a "something-tosomething" tunneling, but instead of a Euclidean projective space as the instanton, we just take the good old Euclidean 4-sphere S 4 . We illustrate this possibility in Fig.(11) , which bears a lot of resemblance with Fig.(8) . However, at the matching surface, instead of a red double line that denotes RP 3 equator, we now have a red single line that denotes the usual, S 3 , equator. Note that except the black dot in the middle which is quite peculiar, every interior point in this diagram corresponds to a S 2 . In particular, this means that topologically there is no obstruction at the matching surface almost everywhere (in the technical sense of a Lebesgue (volume) measure). The only problem is at the black dot -there on the Euclidean side it is a S 2 , but on the Lorentzian side it is RP 2 , so matching fails at the cosmological horizon. However, it is not clear if this is a serious obstacle, since the problematic region is a set of measure zero. 
